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We present the full three-dimensional numerical study of the scattering of light by the gold substrate
composed of square periodic array of inverted pyramidal pits. The time-dependent wave-packet-propagation
approach was used to extract the complete scattering matrix as well as the near fields. The role of the
pit-localized and surface-supported plasmonic modes in resonant reflection spectra and field enhancement is
revealed. We show that the resonances in the specular reflection arise because of the excitation of the pit-
localized plasmons while resonant absorption is linked with excitation of the surface-plasmon polaritons. For
certain structure parameters absorption can reach 100%. Our theoretical results are in a good agreement with
recently published experimental data �N. M. B. Perney et al., Opt. Express 14, 847 �2006�; Phys. Rev. B 76,
035426 �2007��. We also show that present structure allows one to obtain zero specular reflection where all
scattered intensity is redirected into the grazing beams.
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I. INTRODUCTION

Interaction of light with periodically nanostructured metal
surfaces has been a subject of numerous experimental and
theoretical studies over the past years.1–3 The large plethora
of resonant phenomena has been revealed and discussed such
as extraordinary transmission through the subwavelength
hole arrays4–11 and metallic grating,5,12–15 absorption of the
incoming radiation,16–20 and coherent thermal emission.21–23

The resonances represent sharp features in the frequency de-
pendence of the scattering matrix. From the time dependent
point of view, they reflect the existence of the long-lived
�slowly decaying� electromagnetic near-field modes
“trapped” by the structure. The surface-plasmon polaritons
�SPPs� have been shown to play an essential role in above
phenomena providing an efficient intermediate state that
couples incident, diffracted, and transmitted lights.5,11,24

Along with periodic substrates, launching and guiding of
SPPs on specially designed surfaces are currently the subject
of intense research.1,25–29

In a number of recent studies, on the example of spherical
voids, it has been demonstrated that the substrates possessing
periodic arrays of voids buried beneath the planar surface of
metal constitute a new class of plasmonic nanostructures
showing two types of the optical resonances.30–32 Both the
delocalized SPPs and void localized plasmons �LPs� are
hosted by these nanostructures and can be resonantly excited
with incoming light.30,33–35 The void LPs are screened by the
surrounding metal and thus basically do not interact with
each other. As a result, the trapped-electromagnetic-field
modes associated with void LPs show flat frequency disper-
sion with two-dimensional �2D� wave vector in the surface
plane. This is quite a peculiar property which strongly differs
the above structure from, e.g., planar metallic plasmonic
crystals with periodic arrangement of metallic

nano-objects.36–40 In the latter case, the plasmons localized at
individual nano-objects interact through the near and radia-
tive fields so that the plasmonic bands are strongly disper-
sive.

The energy of the void localized plasmons, as well as
their coupling to the incident light, depends on the geometry
and dielectric filling of voids. Together with flat dispersion
curves these properties allow one to achieve the total omni-
directional absorption of the incident light.41,42 Moreover,
while most of the surface-enhanced Raman-scattering
�SERS� studies43 rely on the plasmonic enhancement effects
due to the uncontrollable roughness, periodic structures with
voids offer a possibility to create tunable substrates for the
reproducible SERS.31,44–46 Indeed, similar to the nanopar-
ticles and nanoparticle assemblies,47–51 excitation of the void
LPs is associated with strong enhancement of the near fields.

The obvious technical challenge in the experimental real-
ization of periodic void arrays invites for the theoretical ef-
fort in both �i� qualitative prediction of the major character-
istics of the LPs and their coupling to incoming light and
SPPs and �ii� providing quantitative information on the fre-
quencies of the LPs, associated near fields, as well as on the
scattering properties of the nanostructured surfaces. The lat-
ter allows one to connect between the resonant structures in
experimental reflection spectra and the underlying trapped
electromagnetic modes, including the LPs.

Following the in-depth studies on the periodic arrays of
metal substrates with spherical voids,30–35,41,42 the gold sub-
strates composed of arrays of inverted pyramidal pits have
recently been fabricated and their reflection spectra have
been measured.45,46 Based on the simple model it has been
argued that the dips in the reflectivity spectra can be attrib-
uted to the excitation of the localized plasmons confined at
the pit sidewalls.45 However, no parameter-free study has
been performed to support the above idea. Present work
closes this gap.
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We report on the full three-dimensional �3D� numerical
study of the scattering of light by the gold substrate com-
posed of square periodic array of inverted pyramidal pits.
Normal incidence geometry is considered. Far fields �scatter-
ing matrix� and near fields are calculated with time-domain
wave-packet propagation �WPP� approach.52 The theoretical
results are in good agreement with experimental data for the
wide range of the nanostructure parameters. This allows us to
unravel the role of pit localized plasmons and delocalized
SPPs in the experimentally measured reflectivity spectra. We
demonstrate that in the present system the excitation of the
LPs reveals itself in the enhanced specular reflection and not
in the enhanced absorption of the incoming light as has been
proposed earlier.45,46 We find that besides excitation of
trapped modes localized at the sidewalls of the pyramidal
pits, the present system shows a number of interesting fea-
tures. Among them are polarization-independent 100% reso-
nant absorption at normal incidence and suppression of
specular reflection where all scattered intensity is in the dif-
fracted beams.

The paper is organized as follows. Section II introduces
the system under the study and presents a brief outline of the
theoretical method. Section III is devoted to the results and
their discussion. Finally, conclusions �Sec. IV� close the pa-
per.

II. METHODS

The system under the study is sketched in Fig. 1. It is
equivalent to the one studied experimentally in Refs. 45 and
46. The nanostructured gold surface consists of the square
array of the inverted pyramidal pits. D is the period of the
array along x and y in-plane directions. The z axis is perpen-

dicular to the structure with surface located at z=0. The ge-
ometry of the pyramidal pit is given by the aperture A and
the apex pit angle �. For all studied arrays we have used �
=70.5° consistent with experimentally studied samples. The
pit depth h is then readily obtained as h=A cot�� /2� /2. In
order to reveal the role of plasmon modes in optical reflec-
tion spectra, the calculations have been performed for the
arrays with different combination of D and A parameters.
The normal incidence has been considered with the light
incident along the z axis and polarized in such a way that the
electric-field vector E is along the x axis.

Absorption and reflection properties of the nanostructured
surface are calculated by means of the WPP method. It is
based on the representation of Maxwell’s equations in the
form of the Schrödinger equation for which the initial value
problem is numerically solved by a time-stepping algorithm.
A detailed description can be found elsewhere.52,53 Here we
give only the details specific for the present study.

The metal is described by the complex dielectric function
� defined within the Drude model:

���� = 1 − ��p
2/��2 + i����,

where �p=7.9 eV is the bulk-plasmon frequency and �
=0.09 eV is the attenuation of gold.54 In order to represent
Maxwell’s equations in the form of the Schrödinger equation
we proceed as follows. Let D=E+P, where D, E, and P are,
respectively, the electric induction, the electric field, and the
medium polarization vector. In the Drude model, the
medium-polarization vector evolves in time according to

�2P/�t2 + � � P/�t = �p
2E . �1�

Equation �1� must be solved with zero initial conditions,
P=�P /�t=0 at t=0. With an auxiliary field Q defined by
�P /�t=�pQ, Maxwell’s equations take the Schrödinger form

i � �/�t = H� , �2�

where the wave function � and the Hamiltonian H are

� = �E

B

Q
� , �3�

H = H0 + V = � 0 ic � � − i�p

− ic � � 0 0

i�p 0 0
�

+ �− i� 0 0

0 0 0

0 0 − i�
� . �4�

H0 is the Hermitian part of the Hamiltonian and V is non-
Hermitian part. The quantities �p and � are position depen-
dent so that �p=0 and �=0 everywhere outside the metal.
An absorbing layer with position-dependent conductivity
��z� is introduced above the surface close to the grid bound-
ary in order to suppress artificial reflections of the wave
packet.55,56 When the attenuation inside the metal and ab-
sorbing layer are absent, H=H0, and the norm of the wave
function ���2=�dr�†� is conserved due to course of time
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FIG. 1. �Color online� Schematic representation of the surface
with square array of the inverted square pyramidal pits. Upper panel
shows the cross section of the array by the �xz� plane perpendicular
to the surface and containing the apex of the pit. D is the period of
the structure, A is the pit aperture, h is the pit depth, and � is a pit
apex angle. Lower panel defines the coordinate frame. The radiation
is incident along the normal to the surface �the z direction�.
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propagation. The norm here is proportional to the total elec-
tromagnetic energy of the wave packet.53

Provided initial conditions ��t=0�	�0, solution of Eq.
�2� is obtained via the short-time propagation with split-
operator technique57,58

��t + 	t� = e−i�	t/2�Ve−i	tH0e−i�	t/2�V��t� , �5�

where the time step 	t typically equals 0.01 fs. With wave-
function representation on the 3D spatial mesh, the action of
the e−i�	t/2�V operator is local. The action of the e−i	tH0 op-
erator with Hermitian Hamiltonian H0 is calculated using
Lanczos pseudospectral algorithm.52,58 The Fourier-grid
pseudospectral method59,60 is used to calculate the spatial
derivatives entering H0. We perform a change of variables
�mapping61� in order to obtain the tight mesh in the vicinity
of medium interfaces so that the boundary conditions are
accurately reproduced. The calculation mesh typically com-
prises 256�Nz��64�Nx��64�Ny� points and covers the
−9D
z
1D region perpendicular to the sample and one
period D along the x and y axes. The convergence tests were
performed with doubling the number of points in each di-
mension.

Single time-propagation run allows one to obtain the scat-
tering properties of the system within certain frequency
range. To this end, the Gaussian initial wave packet incident
on the structure along the z axis is used,

�0 = �êx

êy

0
�e−��z − z0�/��2

eik0z, �6�

where êx and êy are the unit vectors along the x and y axes,
correspondingly. The � and k0 parameters are set in such a
way that the spectrum of �0 covers the frequency range of
interest. The frequency-resolved reflection coefficients
within each diffraction order are obtained via the time-to-
frequency Fourier transform of the signal at some distance in
front of the structure62,63 �see Appendix for more details�.
Besides the far fields �scattering matrix�, the near fields can
be extracted at desired frequency,

���� = 

0

�

ei��+i
�t��t�dt�
→+0. �7�

In practice, the upper integration limit is given by the finite
propagation time. It has to be large enough to converge
����, which might cause some problems when the long-
lived states are present in the system.

III. RESULTS AND DISCUSSION

In Figs. 2 and 3 we show the calculated reflectivity spec-
tra of the gold surface with square array of pyramidal pits
and compare it with experimental data of Perney et al.46 The
calculated specular R00 and total R reflection coefficients are
presented as functions of the wavelength � of the incident
radiation. R is obtained from the sum of the outgoing fluxes
in all open diffraction channels �see Appendix�. Here, the
diffraction channel �� , j� associated with exchange of ��j�

reciprocal-lattice vectors in x�y� direction is open when �
���,j, where the threshold wavelength is given by ��,j
=D /��2+ j2.

Following the experimental work, two sets of results are
presented. The data in Fig. 2 correspond to the arrays with
the same period D but different geometries of the pits given
by the aperture A �see Fig. 1�. The data in Fig. 3 correspond
to the arrays characterized by the same pit geometry but
different periods. This way of the data analysis eases the
identification of the �i� resonances pinned to the diffraction
thresholds and associated with excitation of the surface-
plasmon polaritons and �ii� resonances due to the excitation
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FIG. 2. �Color online� Reflectivity of the metal surface with
square array of pyramidal pits. Normal incidence. The results are
shown as a function of the wavelength of the incident radiation.
Panels of the figure correspond to the arrays characterized by the
same period D=2000 nm and different pit aperture A as indicated
in the insets. Red solid line shows the calculated specular-reflection
coefficient R00 and black dashed line shows the calculated total-
reflection coefficient R. Experimental data from Ref. 46 is plotted
with blue dots. The labeled structures correspond to localized plas-
mon resonances �P1 and P2� and resonances pinned to the diffrac-
tion thresholds �D1 and D2� as discussed in the text.
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of the pit-localized plasmons appearing at the frequencies
determined by the pit geometry only. In order to reveal the
most prominent �i�-type feature associated with first diffrac-
tion threshold and to allow a systematic study, the calcula-
tions were performed in the wavelength range essentially
larger than that of the experiment.

As a first observation, calculated wavelength dependence
of the specular-reflection coefficient �zero diffraction order�
closely corresponds to the experimental data. In particular,
positions of the maxima and minima are nicely reproduced.
The quantitative differences arise because the experiment
had integrated over certain range of scattering angles and
thus some of the diffracted beams were �partly� collected. It
is quite remarkable that while the specular-reflection coeffi-
cient presents strong variations with wavelength of the inci-
dent radiation, the total reflection is much less structured and
stays at 0.8–0.9 level. It is mostly affected by the resonances
pinned to the diffraction thresholds and associated with ex-
citation of SPPs �see below�.

For the normal-incidence case considered here the total-
reflection coefficient R=R00 when ��D so that we only

show R00 at these wavelengths. It is worth noting that WPP
method, as many of the time-domain techniques, implies ne-
cessity of the time-to-frequency Fourier transform in order to
get frequency-resolved data from the calculated time depen-
dence of the fields �see Appendix�. Since the solution is
known only for finite propagation times, the results are dif-
ficult to converge immediately above the first diffraction
threshold at ��D. This is because of the sharp threshold
behavior, opening of the new diffraction channels and nearby
resonance. Therefore, the reflection coefficients are not
shown in immediate vicinity of the first diffraction threshold
at �=D−�. The oscillations at large wavelength are also
linked to the Fourier analysis at finite propagation times. We
would like to stress that these computational issues do not
concern the results in the interval of the experimental wave-
lengths as well as the assignment of different structures in
the wavelength dependence of reflectivity.

We start our detailed analysis with Fig. 2 corresponding to
the fixed structure period D=2000 nm. For the pit aperture
A=940 nm the filling factor is small so that the plasmon-
polariton mode propagating on the flat patches of the Au
surface is well defined. The resonant features appearing be-
low the diffraction thresholds can then be linked with exci-
tation of SPPs as has been discussed for metallic gratings.5

Particularly pronounced are the large wavelength resonances
D1 and D2 located next to the lowest diffraction thresholds
��1,0=�0,�1=D and ��1,�1=D /�2, respectively. The D1
resonance has the smallest width since it decays only via
emission of radiation perpendicular to the surface �zero dif-
fraction order� and via energy dissipation in the metal. We
will denote the corresponding decay rates as �rad and �diss.
The D2 resonance is essentially broader because its radiative
decay involves light emission into the zero and first diffrac-
tion orders.

It is remarkable that for D=2000 nm and A=940 nm the
D1 resonance at ��D is associated with strong light absorp-
tion at corresponding wavelength. According to the general
theoretical framework based on the Breit-Wigner formalism
in scattering theory,64 this implies18,42 �rad
�diss
� /2,
where �=�rad+�diss is the total decay rate. Since �rad can be
tuned through the choice of the pit aperture A, one can a
priori reach the situation where �rad=�diss=� /2 leading to
the 100% absorption. Observe that because of the symmetry
the effect is polarization independent at normal incidence so
that the present system can be as efficient absorber as
metallic-grating structures.16,17,20,65 The D2 resonance at �
�D /�2 is associated with much less absorption consistent
with its large radiative decay rate.

When the aperture of the pitch A increases, the D1 and D2
resonances broaden and basically disappear for A
=1450 nm. Indeed, the filling factor is large and the surface
is strongly corrugated. As a result �i� the resonances are
strongly coupled with radiation continua and quickly decay
and �ii� the flat patches of the surface are nearly vanishing so
they are unable to host the SPPs. The opening of diffraction
channels with decreasing wavelength still leads to the promi-
nent features in the specular reflection, however the total-
reflection coefficient stays rather flat.

As an interesting effect, we obtain that for A /D�0.75
�Fig. 2 �third panel� and Fig. 3 �fourth panel�� the specular
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FIG. 3. �Color online� Same as Fig. 2, but for the pyramidal pit
arrays characterized by the same pit aperture A=940 nm and dif-
ferent periods D as indicated in the insets of each panel.
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reflection is completely suppressed for the wavelengths �

0.85D, i.e., between the first and second diffraction thresh-
olds. Provided the total reflection coefficient at 0.8 level, this
implies that all the scattered flux is diverged into the non-
specular �diffracted� beams associated with one reciprocal-
lattice-vector exchange with the structure.

In certain wavelength intervals, the features in specular-
reflection coefficient linked with diffraction thresholds and
excitation of the propagating SPPs are superimposed on the
broad resonant structures labeled P1 and P2. These reso-
nances lead to strong enhancement of the specular reflection.
Diffracted beams are suppressed particularly for the lower-
frequency P1 resonance. While the specular reflection is
strongly affected, the total reflection coefficient varies only
mildly through the resonance so that the latter is not associ-
ated with enhanced absorption, in contrast to, e.g., D1 reso-
nance pinned to the lowest diffraction threshold. This can be
understood with help of the following argument: the en-
hanced absorption requires a large enough lifetime of the
trapped mode so that the electromagnetic field stays for suf-
ficient time in contact with metal to induce appreciable en-
ergy transfer to the electronic excitations. In terms of the
decay rates introduced above one needs �rad��diss.

18,42,66

This is apparently not the case for the present resonant struc-
tures characterized by the large �rad as can be inferred from
their widths. Thus, no efficient absorption occurs. Based on
the analysis presented below we ascribe these resonant fea-
tures to the excitation of the pit-localized plasmons.

The first argument in favor of the pit-localized nature of
the trapped modes associated with P1 and P2 resonances
comes from the results presented in Fig. 3. The reflectivity
spectra are shown for the pyramidal pit arrays with various
periods D but the same pit aperture A=940 nm. All the dif-
fraction structures as well as the D1 and D2 resonances
pinned to diffraction thresholds shift to smaller wavelength
with decreasing period. At variance, the P1 and P2 reso-
nances remain at the same position independent of the period
of the structure and dependent on the geometry of the pits
only. Indeed, it follows from Figs. 2 and 3 that P1 and P2
shift to higher wavelength with increasing size of the pyra-
midal pits A. Therefore, one can infer that the corresponding
trapped fields should be localized inside the pits so that the
neighbor pits hardly interact, similar to the case of the plas-
mons localized in spherical voids.30,33,34

The unambiguous assignment of the resonant structures in
the reflectivity spectra and the final proof of the pit-localized
plasmon origin of the P1 and P2 resonances come from the
analysis of the frequency-resolved near fields. In Fig. 4 we
show the field intensity I defined as I= �Ex�2+ �Ey�2+ �Ez�2 for
the pit arrays characterized by the same period D
=2000 nm and different sizes of the pit aperture A. The re-
sults are represented in the �x ,z� plane as defined in Fig. 1.
The near fields are extracted from the WPP at the wave-
lengths listed in Table I and correspond to the D1, D2, P1,
and P2 structures in Fig. 2. �In Fig. 4 we keep the same
notations.� Thus, combining the reflectivity spectra and the
near-field analysis one obtains a rather complete description
of the system. Two distinctly different types of the near fields
are observed.

�1� The near fields corresponding to the resonances D1
and D2 pinned to the diffraction thresholds and associated

with excitation of the SPPs look very much the same for all
pit apertures A. We then only show them for A=940 nm.
Exception is the A=1750 nm case, where the surface gets
extremely corrugated with very small flat patches thus D1
and D2 resonances basically disappear, as discussed earlier.
As follows from our results, the trapped modes underlying
the D1 and D2 resonances are characterized by very strong
field enhancements at the ridge between the flat patch of the
surface and the pyramidal pit. Quite similar results have been
reported for different types of the periodic cavity arrange-
ments at the surface, in particular for the arrays of square and
rectangular holes.67–69

�2� The extracted near fields corresponding to the P1 and
P2 resonances fully confirm an assignment of the broad
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FIG. 4. �Color online� Intensity of the electromagnetic field I
= �Ex�2+ �Ey�2+ �Ez�2 as a function of the z and x coordinates. Results
are presented in the �x ,z� plane perpendicular to the surface and
containing the apex of the pit �see Fig. 1 for definition of the coor-
dinate system�. The metal surface is shown with white line. Differ-
ent panels show the results obtained for the pit arrays characterized
by the same period D=2000 nm and pit aperture A indicated in the
insets �in nm�. The fields are extracted from the WPP calculations at
the wavelengths corresponding to the diffraction �D1 and D2� and
pit-localized plasmon �P1 and P2� resonances indicated in Fig. 2.
The framed inset shows the intensity of the field of the P1 reso-
nance in immediate vicinity of the metal face of the pit with A
=1450 nm. L is a bisector of the pyramidal face.

TABLE I. The wavelength � at which the near fields shown in
Fig. 4 have been extracted from the time-dependent solution of
Maxwell’s equations. The extraction has been done for the pit ar-
rays with the same period D=2000 nm but different pit aperture
sizes A. Notation of the resonances corresponds to the one used in
Figs. 2–4.

Resonance
Aperture A

�nm�
Wavelength �

�nm�

D1, D2 940 2030, 1418

P1 940 828

P1, P2 1220 1068, 741

P1, P2 1450 1309, 820

P1, P2 1750 1508, 950
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peaks in the specular-reflection coefficient as due to the ex-
citation of pit-localized plasmons. The electric field of the
trapped modes is well confined inside the pyramidal pit and
the overall shape of the field does not depend on the pit
aperture A. For the lowest frequency mode P1, the maximum
field intensity is reached close to the metal surface of the
opposite pit faces parallel to the y axis. The field is zero �not
shown in the figure� at another two pit faces parallel to x axis
as can be understood as a consequence of the polarization of
the incident electromagnetic wave. The second higher-
frequency mode P2 shows two maxima along the pit face.
The P2 mode is not presented for the smallest aperture size
A=940 nm since corresponding frequency is too high and
appears out of the calculation range. The fact that the reso-
nant fields are buried below the surface plane naturally ex-
plains the enhancement of the specular reflection at reso-
nance. Indeed, pit-localized resonances mainly decay via
radiation in the direction perpendicular to the surface. The
radiation in grazing directions is prevented by the surround-
ing metal.

Following ideas proposed in Refs. 45 and 46, the results
can be understood as confinement of the plasmon polariton
propagating along the metal face of the pyramid. The reso-
nator character of the pit is reflected by the nodal structure of
the field intensity at the pit sidewall. Here, the node at the
intersection between pyramidal pit and metal surface indi-
cates partial decoupling of the localized mode from the ra-
diation continuum. The difference between the present 3D
case and the 2D case of a V-shaped groove used to model the
experimental data in Ref. 45 consists of the boundary condi-
tions imposed by the pit sidewalls next to those hosting the
localized plasmon. The field components perpendicular to
the surface of the given face of the pit appear parallel to the
surface of the neighbor faces. This results in a zero boundary
conditions on the field at the edges of the pit, as nicely seen
in the inset of Fig. 4 showing the field intensity of the
lowest-frequency P1 resonance in the vicinity of the metal
face of the inverted pyramid. Because of the boundary con-
ditions the field is expelled from the apex of the 3D pyrami-
dal pit. We recall that field maximum has been reported at
the bottom of the 2D V-shaped groove.45

With account for the above boundary conditions one can
estimate the wavelengths of the incident radiation resonant
with pit-localized plasmons. Consistent with localized char-
acter of the field, the interaction between neighboring pits,
i.e., the dependence on the period of the structure, is ne-
glected. Consider the lowest-frequency-plasmon mode P1 lo-
calized at the middle of the triangular pit sidewall as shown
in the inset of Fig. 4. We define two perpendicular directions:
L direction along the bisector of pyramidal face given by the
cut of the pit sidewall by the �x ,z� plane and y direction
parallel to the y axis. In a very crude approximation, the zero
boundary conditions at the edges of the pit imply the quan-
tization of the surface-plasmon-wave vector along the corre-
sponding directions,

kL = �/L =
2�

A
sin��/2�, ky =

2�

A
. �8�

The total wave vector of the plasmon is given by

k =
2�

A
�1 + sin2��/2� . �9�

Within the frequency range considered here the surface-
plasmon dispersion closely follows the light line so that the
wavelength of the incident radiation resonant with lowest
energy pit-localized plasmon mode is then given by

�P1 = A/�1 + sin2��/2� . �10�

The situation with the second P2 �higher frequency� plas-
mon resonance is more intricate. As follows from our nu-
merical results, the first maximum of the field is located not
at L /4 as one would expect for the perfect resonator but
rather at L /3. We tentatively attribute this effect to the fact
that the closer the first maximum is to the pit apex the higher
will be the frequency of the corresponding mode because of
the zero boundary conditions at the edges �y direction�. Thus,
the system lowers its energy extending into the vacuum side
above the surface so that the first maximum shifts further
away from the pit apex. If we use numerically calculated
value of L /3 to define the kL and ky wave vectors, we obtain
the following resonance wavelength:

�P2 = 2A/3�1 + sin2��/2� = 2�P1/3. �11�

The �P1 and �P2 wavelengths obtained from Eqs. �10� and
�11� are listed in Table II for the pit arrays characterized by
different apertures size A. Provided simplicity of the above
model, the agreement between the estimated resonance
wavelengths and positions of the maxima in the calculated
specular-reflection coefficient �Figs. 2 and 3� is remarkable.

Finally, in order to complete the characterization of the
pit-localized plasmons, the Ez component of the near fields
of the P1 and P2 resonances is shown in Fig. 5. Results are
presented for the pyramidal pit array characterized by D
=2000 nm and A=1450 nm. One observes the dipolar char-
acter of the lower-frequency P1 resonance with opposite
signs of the fields at the opposite faces of the pit. The second
resonance P2 shows a quadrupole character with the field
sign change not only at the opposite faces but also along the
same face. Consistent with normal incidence and polariza-
tion of incoming light along the x axis, the states are anti-
symmetric with respect to the �y ,z� plane going through the
apex of the pyramid.

TABLE II. Estimated wavelength of the incident radiation reso-
nant with the pit-localized plasmons. The �P1 �Eq. �10�� and �P2

�Eq. �11�� are tabulated for different pit apertures A.

A
�nm�

�P1

�nm�
�P2

�nm�

940 814 543

1220 1056 704

1450 1255 837

1750 1515 1010
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IV. SUMMARY AND CONCLUSIONS

We have performed the rigorous calculation of the elec-
tromagnetic reflection spectra for the gold substrate com-
posed of square periodic array of inverted pyramidal pits.
The case of the normal incidence has been considered. Our
3D numerical study is based on the time-domain wave-
packet propagation approach.52 The main ingredients of the
method are �i� the Hamiltonian formalism for evolution op-
erator, �ii� the Lanczos time-propagation scheme, and �iii�
the mapped Fourier-grid pseudospectral method so that the
spatial grid resolution is enhanced at material interfaces.

Present theoretical results are in a good agreement with
recently published experimental data.46 This validates the
methods employed and allows unambiguous assignment of
the resonance structures in the reflection spectra.

We show that, similar to the metal surfaces with spherical
voids,30–35 the gold surface with inverted pyramidal pits sup-
ports both �i� the delocalized surface-plasmon-polariton
modes leading to the prominent resonant structures pinned to
the diffraction thresholds and �ii� pit-localized plasmons with
frequencies determined by the geometry of pyramidal pits
and independent of the structure period.

Similar to metallic gratings, the resonant features at dif-
fraction thresholds are associated with enhanced absorption
of the incident radiation. For some combinations of the struc-
ture period D and pit aperture A nearly complete
polarization-independent absorption can be reached for nor-
mal incidence at lower-frequency resonance. At variance, the
radiative decay of the pit-localized plasmons is too fast to
have appreciable energy transfer to the substrate and so no-
table absorption. The pit-localized plasmons reveal them-
selves through the resonant enhancement of the specular re-
flection at nearly constant total-reflection coefficient.

For the pit-localized plasmons, the near-field analysis
shows the field enhancement inside the pit and close to the
opposite metal faces of the pyramid. In the case of the reso-
nances at diffraction thresholds, the fields are strongly en-
hanced at the ridges between the flat patch of the surface and
the pyramidal pit.

Since the resonance frequencies are controlled by the geo-
metrical parameters of the structure, the latter can be consid-

ered as possible tunable substrate for the surface-enhanced
Raman scattering. In this perspective, with proper choice of
the boundary conditions explained in the paper, the wave-
length of the incident radiation resonant with pit-localized
plasmons can be estimated from simple model describing the
pit-localized plasmons as due to the confinement of the plas-
mon polariton propagating along the metal face of the pyra-
mid.

Finally, it is worth mentioning that besides different �lo-
calized and delocalized� plasmon modes and aforementioned
polarization-independent strong absorption at normal inci-
dence, present nanostructured surface shows another interest-
ing feature. Namely, at certain wavelengths and for the cer-
tain geometries we observe complete suppression of specular
reflection. The scattered intensity is transferred into non-
specular diffracted beams.
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APPENDIX

In this appendix we describe the “virtual detector”
approach62,63 used here to extract the reflection properties
within a broad frequency range from a single wave-packet-
propagation run.

As described in the main text we use the initial state for
the time propagation as a Gaussian wave packet localized at
z�z� region and incident at the structure.

The electric field E�r , t� in the asymptotic region above
the metal surface is given by the superposition of the corre-
sponding Fourier modes,

E�r,t� = �
�,j

eiG��x+jy�

−�

+�

d�e−i�t

��E�j
+ ���eik�jz + E�j

− ���e−ik�jz� , �A1�

where the pair of integers �� , j� denotes the diffraction �scat-
tering� channel and G=2� /D is the elementary vector of the
reciprocal lattice. Here we take into account that the structure
under study is a square periodic array in x and y directions.
The wave vector in z direction k�j is given by

k�j = ��2/c2 − G2��2 + j2� . �A2�

The integration and summation in Eq. �A1� runs only over
the propagating fields in open diffraction channels. E�j

����
=0 if �2−c2G��2+ j2��0 �closed diffraction channels�.

We are interested in finding the amplitudes E�j
�. Then, for

a fixed z1 and z2 located between the metal surface and initial
wave packet we first extract the time-dependent projections,

Fnm
1,2�t� = 


0

D 

0

D dxdy

D2 e−iG�nx+my�E�x,y,z1,2,t� . �A3�

It follows from Eq. �A1� that

negative

z - coordinate

x
-

co
o

rd
in

at
e

z - coordinate

positive

P1, A=1450 nm P2, A=1450 nm

FIG. 5. �Color online� Ez component of the near field corre-
sponding to the excitation of the pit-localized plasmons P1 and P2
for the pyramidal pit array characterized by D=2000 nm and aper-
ture size A=1450 nm. Results are presented as a function of the z
and x coordinates in the �x ,z� plane perpendicular to the surface and
containing the apex of the pit �see Fig. 1 for definition of the coor-
dinate system�.
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Fnm
1,2�t� = 


−�

+�

d�e−i�t�Enm
+ ���eiknmz1,2 + Enm

− ���e−iknmz1,2� .

�A4�

Fnm
1,2�t� can be viewed as a signal measured by the virtual

detectors positioned at z1 and z2. By carrying out the Fourier
transform of the signal at positive frequency ��0, we find

Gnm
1,2��� =

1

2�



−�

+�

dtei�tFnm
1,2�t�

= Enm
+ ���eiknmz1,2 + Enm

− ���e−iknmz1,2. �A5�

The amplitudes Enm
� ��� can now be obtained from Gnm

1 ���
and Gnm

2 ��� by solving a system of two linear equations. For
��0 the Enm

+ ��� is the amplitude of the incident wave and
Enm

− ��� is the amplitude of the scattered wave.
Two important remarks are in order. First, the numerical

solution of Maxwell’s equations is known only for a positive
propagation time t�0. However, since the detectors are
placed between the incident wave packet and the surface, it
follows from the causality that Fnm

1,2�z , t�=0 for t�0. So the
numerical integration in Eq. �A5� can be started at t=0. Sec-
ond, the upper integration limit in Eq. �A5� is fixed by the
total numerical propagation time T. It must be large enough
to ensure a desired accuracy. In particular, if a photonic
structure has resonances, one might need very large T to
ensure the convergence.

The incoming �+� or outgoing �−� flux in each �� , j� scat-
tering channel is given by the Poynting vector,

S�j
� =

c

4�
E�j

� � B�j
� =

c

4�
��

k

k
�E�j

��2. �A6�

The flux component in the direction normal to the structure
is

êz · S�j
���� = �

c2

4�

k�j

�
�E�j

�����2. �A7�

In the present work the incident wave packet is chosen to
contain only the ��=0, j=0� waves �normal incidence�. Us-
ing Eq. �A7� the corresponding reflection coefficient into the
given diffraction channel is given by the ratio between out-
going and incident fluxes,

R�j��� = � êzS�j
− ���

êzS00
+ ���

� . �A8�

R00��� is the specular-reflection coefficient. Obviously,
R���=��jR�j��� gives the total reflection coefficient. �The
summation runs only over open diffraction channels.�

It is worth mentioning that in some cases only one detec-
tor is sufficient. From the causality the amplitudes E�j

+ ���
are nonzero only for the incident channel. Therefore, for all
other channels the amplitudes E�j

− ��� can be extracted with a
single detector.
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